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Abstract

Traditional Euclidean distance metrics in time-series analysis suffer from the

”lock-step” limitation, failing to identify patterns that evolve at non-constant ve-

locities. This paper presents a rigorous mathematical exploration of Dynamic Time

Warping (DTW) as a solution for non-linear temporal alignment in financial OHLC

datasets. We extend the classic DTW framework to a multidimensional space, in-

tegrating price action, volatility, and volume-weighted features. Furthermore, we

discuss computational optimizations like LB Keogh lower bounding and provide a

framework for statistical validation of the resulting predictive signals in algorithmic

trading environments.
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1 Introduction: The Problem of Temporal Shift

The core challenge in financial quantitative research is the non-stationarity of the data.

Financial markets do not move in linear time; rather, they move in ”event time” or ”tick

time.” A specific market psychology—such as a capitulation phase followed by accumula-

tion—may manifest over 10 trading days in one year and 15 days in another, depending

on liquidity and volatility.

For Equilibrium, the objective is to move beyond rigid technical analysis. While a

simple Pearson correlation or Euclidean distance requires sequences of equal length and

perfect alignment, DTW allows for an elastic comparison. This ”warping” capability is

crucial for identifying fractals in market microstructure where the morphology is more

significant than the duration.

2 Mathematical Formalization

2.1 The Warping Function

Given two time series Q = (q1, q2, . . . , qn) and S = (s1, s2, . . . , sm), we define an n×m dis-

tance matrix M where each element (i, j) corresponds to the squared distance d(qi, sj) =

(qi − sj)
2.

A warping path W is a contiguous set of matrix elements that defines a mapping

between Q and S:

W = w1, w2, . . . , wk, . . . , wK where max(n,m) ≤ K < n+m− 1 (1)

The optimal path is the one that minimizes the total warping cost:

DTW (Q,S) = min

{∑K
k=1wk

K

}
(2)

2.2 Dynamic Programming Implementation

To compute this efficiently, we use a cumulative distance matrix γ:

γ(i, j) = d(qi, sj) + min{γ(i− 1, j), γ(i− 1, j − 1), γ(i, j − 1)} (3)

This recursive structure allows for O(nm) complexity, which we will later optimize.
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3 Multidimensional Feature Engineering

A single price point (Close) is often insufficient to capture the full context of a market

move. Equilibrium’s engine utilizes a multidimensional vector V⃗ for each candle t:

V⃗t = [Cbody,Wupper,Wlower,∆V ol, σrel] (4)

Where:

• Cbody = (Close−Open)/(High− Low) : Relative body size.

• Wupper = (High−max(O,C))/(High− Low) : Buying pressure exhaustion.

• ∆V ol : Volume Z-score relative to a 20-period moving average.

By applying DTW to this multidimensional space, the algorithm finds historical prece-

dents that match the ”stress” and ”intent” of the market, not just the price trajectory.

4 Computational Optimization: LB Keogh

The O(n2) complexity of DTW is problematic for real-time scanning of 20+ years of data.

To solve this, we implement the LB Keogh Lower Bound. Before calculating the full

DTW, we define an envelope (U,L) around the query Q:

ui = max(qi−r : qi+r) (5)

li = min(qi−r : qi+r) (6)

where r is the warping window reach. The lower bound distance is:

LB Keogh(Q,S) =

√√√√√√√√
n∑

i=1


(si − ui)

2 if si > ui

(si − li)
2 if si < li

0 otherwise

(7)

If LB Keogh(Q,S) > threshold, we discard the candidate without computing the full

DTW, increasing speed by up to 90%.

5 Statistical Significance in Forward Testing

Once a match is found, we analyze the N -day forward return Rf . However, a single match

is statistically irrelevant. We calculate the Expected Value (E) and the P-value of the

hypothesis that the found pattern precedes a trend.
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If we find K matches, we calculate the t-statistic:

t =
R̄f − µ0

s/
√
K

(8)

where R̄f is the mean return of the matches and µ0 is the mean return of the entire

historical dataset (drift). Equilibrium only considers a pattern ”predictive” if p < 0.05.

6 Challenges: Overfitting and Data Leakage

The primary risk of DTW-based search is ”Data Snooping Bias.” If the warping window

is too large, the algorithm will find ”perfect” matches in the past that are merely noise.

To mitigate this:

1. Walk-Forward Validation: We test the engine on data the algorithm has never

”seen” during its configuration phase.

2. Penalized Warping: We add a cost penalty to paths that deviate significantly

from the diagonal to prioritize ”logical” temporal alignments.

7 Conclusion

The integration of Multidimensional DTW with LB Keogh optimization allows Equi-

librium to identify high-probability setups with mathematical rigor. By treating time

as an elastic variable, we acknowledge the inherent nature of financial markets—fractal,

non-linear, and driven by varying speeds of human and algorithmic reaction.
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